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Summary. In this paper, a generalized Ito formula for time dependent functions of 
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derivatives and second derivative Vj'Vj'/ only which are assumed to be of locally 
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1 Introduction 

The classical Ito's formula for twice differentiable functions has been extended 
to less smooth functions by many mathematicians. Progresses have been made 
mainly in one-dimension beginning with Tanaka's pioneering work |28j for 
\X t \ to which the local time was beautifully linked. Further extensions were 
made to time independent convex functions in |2l)j and |3(J| : to the case of 
absolutely continuous function with the first derivative being locally bounded 
in to Wfo c functions of a Brownian motion in 11 for one dimension 
and ^21 fo r multi-dimensions. It was proved in that f(B t ) = f(Bo) + 
J* f'(B s )dB s + ^[f(B), B] t , where [f(B),B] t is the covariation of the processes 
f{B) and B and is equal to /J f{B s )d*B s - /J f{B s )dB s as a difference of 
backward and forward integrals. See [27j for the case of continuous semi- 
martingale. The multi-dimensional case was considered by ^2], (23 anci ED 
An integral f'(x)d x L t (x) was introduced in through the existence 
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of the expression f{X{t)) - /(X(Q)) - f* |^ / [X (s))dX (s) , where L t {x) is 
the local time of the semi- martingale X t . This work was extended further 
to define J Q ~§^f( s > X (s))d StX L s (x) for a time dependent function f(s, x) 
using forward and backward integrals for Brownian motion in j^j and to semi- 
martingales other than Brownian motion in [S] . This integral was also defined 
in as a stochastic integral with excursion fields, and in ^31 through Ito's 
formula without assuming the reversibility of the semi-martingale which was 
required in [S]. Other generalizations include ^H] where it was also proved 
that if X is a semi-martingale, then f(X(t)) is a semi-martingale if and only 
if / S Wzoe an< ^ ^ s wea k derivative is of bounded variation using backward 
and forward integrals f fT%]1. 

The above mentioned extensions are useful in many problems. However, 
to use probabilistic methods to study problems arising in partial differential 
equations with singularities and mathematics of finance, we often need a gen- 
eralized Ito's formula for time dependent f(t,x). In a special case that is if 
there exists a Radon measure v and locally bounded Borel function H such 
that d x (\7f(t 7 x)) — H(t, x)v(dx) 1 a generalized Ito's formula was obtained by 
0. In a recent work 0, a new generalized Ito's formula for one-dimensional 
continuous semi-martingales was proved. It is given in terms of a Lcbesguc- 
Stieltjes integral of the local time Lt(x) with respect to the two-dimensional 
variation of V~f(t,x) as follows 

f(t,X(t))-f{0,X(0)) 

f(s,X(s))ds+ [ V-f{s,X(s))dX s 



ds Jo 

i f Af h (s,X(s))d <X> S + f L t (x)d x V-f v (t,x) 

* JO J -oo 

-f OO rt 

\ L s (x)d S:X \7~ f v {s,x). a.s. (1.1) 

oo Jo 

Here f(t, x) = fh{t, x) + f v (t, x) is left continuous with fh(t, x) being C 1 in x 
and Vfh(t,x) being absolutely continuous whose left derivative A~ fh(t,x) is 
left continuous and locally bounded, and V~f v (t, x) being of locally bounded 
variation in (t, x) and of locally bounded variation in x at t = 0. Note the 
last two integrals are pathwise well defined due to the well-known fact that 
the local time L t (x) is jointly continuous in t and cadlag in x and has a 
compact support in space x for each t f|25|. [TS)). In a special case, when 
there exists a curve x — j(t) of locally bounded variation and the function / 
is continuous but the first order derivative V/ has jumps across the curve and 
second order derivative Af has left limit when x — > j(t) — , i.e. A~ f exists 
and locally bounded and left continuous off the curve (s) x = ^(t), and there 
may be jumps of V/ along x = j(t) (Af is still undefined), define A~ f on 
the curve x = ^(t) as the left limit of Af. Then the following formula was 
derived from using the integration by parts formula (0): 
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/(/..Y(/.). = /((». A'(l)))+ / |j/(.s-..Y(.s-))<l.s+ / V /(.s..V(.s).</X, 



"'O 



zT/( s ,A( s ))d<Y> s 
+ / (V/(s,7(s)+)-V/(s,7(s)-))^ s (7(s))- (1.2) 



(i 



Here dL a {a) refers to the Lebesgue-Stieltjes integral with respect to s i— > 
L 8 (a). Formula (|F2|I was also observed in [22] independently. These two new 
formulae have been proved useful in analysing asymptotics of solutions of 
partial differential equations in the presence of caustics ([B]) and studying 
the smooth fitting problem in American put option (|2U)- Formula (jl.lfl is in 
a very general form. It includes the classical Ito formula, Tanaka's formula, 
Meyer's formula for convex functions, the formula given by Azema, Jeulin, 
Knight and Yor [2H] and formula (1.2). 

The purpose of this paper is to extend formula (|1 . 1|) to two dimensions. 
This is a nontrivial extension as the local time in two-dimensions does not 
exist. But we observe for a smooth function /, formally by the occupation 
times formula 



±f A 1 f(s,X 1 (s),X 2 (s))d<X 1 >, 



+ OG nt 

\ A 1 f(s,a,X 2 (s))d s L 1 (s,a)da 

-oo JO 

+ oo 

Aif(t,a,X 2 (t))L 1 (t,a)da 

-co 

-foe pt 

L 1 {s ) a)d s , a V 1 f{s,a,X 2 (s)), (1.3) 

if the integral f_™ f Q Li(s, a)d s , a Vi/(s, a, X 2 (s)) is properly defined. Here 
Vi/(s, a, X 2 (s)) is a semi-martingale for any fixed a, following the one- 
dimensional generalized Ito's formula (|1 . 1|> . For this, we study this kind of 
the integral J g{s, a)d s . a h(s, a) in section 2. Here h(s, x) is a continuous 
martingale with cross variation < h(- , a) , h{- , b) > s of locally bounded vari- 
ation in (a, b), and E f Q f R2 \g(s,a)g(s,b)\\d a , b ,s < h(- , a) , h(- , b) > s \ < oo. 
The integral is different from the Lebesgue-Stieltjes integral and Ito's stochas- 
tic integral. But it is a natural extension to the two-parameter stochastic case 
and therefore called a stochastic Lebesgue-Stieltjes integral. According to our 
knowledge, our integral is new. It's different from integration with Brownian 
sheet defined by Walsh ([22]) and integration w.r.t. Poisson random measure 
(see |14p. A generalized Ito's formula in two dimensions is proved in section 
3. Applications e.g. in the study of the asymptotics of the solutions of heat 
equations with caustics in two dimensions, are not included in this paper. 
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These results will be published in some future work. Furthermore, it has been 
observed by us in |S] that the local time L t (x) can be considered naturally as 
a rough path in x of finite 2- variation and f„ V - f(s, x)d s , x L s (x) is de- 
fined pathwisely by using and extending Lyons' idea of rough path integration 

(El)- 



2 The definition of stochastic Lebesgue-Stieltjes 
integrals and the integration by parts formula 

For a filtered probability space (J?, J- ', {!Ft}t>o, P), denote by A^2 the Hilbert 
space of all processes X = (A t ) < t < T such that (X t )o<t<T is a {J~t)o<t<T 
right continuous square integrable martingale with inner product (X, Y) = 
E(XtYt). A three-variable function f(s, x, y) is called left continuous iff it is 
left continuous in all three variables together i.e. for any sequence (sj., Xi,yi) < 
(s2,x 2 ,y 2 ) < ••• < (s kl x k ,y k ) -> (s,x,y), as k -> 00, we have f{s kl x k ,y k ) -> 
f(s,x,y) as A; — » 00. Here (si, £1,2/1) < (32,2:2,2/2) means si < S2, ari < X2 
and j/i < y 2 . Define 

[0, f] x (—00, 00) x J7 — > R s.t. (s, x, w) 1 — ► /i(s, x, w) 
is B([0, i] x R) x T— measurable, and h(s,x) is 
J- s — adapted for any x G 

/i 6 Vi is a continuous (in s) M 2 — martingale for each x, 
and the crossvariation < h(-, x), h(-, y) > s is left continuous 
and of locally bounded variation in (s, x, y)\. 

In the following, we will always denote < /?,(•, x), h(-, y) > s by < h(x), h(y) > s . 

We now recall some classical results for the sake of completeness of the 
paper (see pQ and ^H]). A three- variable function f(s,x,y) is called mono- 
tonically increasing if whenever (s 2 ,x 2 ,y 2 ) > (si,xi,yi), then 

f(s2,x 2 ,y2) - f(s2,x 1 ,y 2 ) - f(s2,x 2 ,yi) + f(s 2 ,x 1 ,y 1 ) 
-f(si, x 2 ,y 2 ) + f(s 1 ,x 1 ,y 2 ) + f(si,x 2 ,yi) - /(si, #1,2/1) > 0. 

For a left-continuous and monotonically increasing function /(s, x, y), one can 
define a Lebesgue-Stieltjes measure by setting 

v([si,s 2 ) x [xi,x 2 ) x [2/1,2/2)) 
= f{si,x 2 ,y 2 ) - f(s 2) £1,2/2) - f(s 2) x 2 ,yi) + f(s 2) xi,yi) 
-f(sx,x 2 ,y 2 ) + f(s 1 ,x 1 ,y 2 ) + f(s 1 ,x 2 ,yi) - /(si, £1,2/1). 

For h € V2, define 
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< h(x),h(y) >*J:=< h(x),h(y) > t2 - < h(x),h(y) > tl , t 2 > h. 

Note as < h(x),h(y) > s is left continuous and of locally bounded varia- 
tion in (s, x, y), so it can be decomposed to the difference of two increasing 
and left continuous functions f±(s,x,y) and f2(s,x,y) (see McShane |19| or 
Proposition 2.2 in Elworthy, Truman and Zhao which also holds for multi- 
parameter functions). Note each of /i and f 2 generates a measure, so for any 
measurable function g(s,x,y), we can define 



*2 pa.2 rb 



g(s,x,y)d x ,y tS < h(x),h(y) > s 



ti J a\ J bi 
C12 pb 



ti J ai J bi 

t2 pb2 



g(x,y,s)d x , y , s fi(s,x,y) 



ti J ai J bi 



g(x,y,s)d X! y ! sf 2 (s,x,y). 



In particular, a signed product measure in the space [0, T] x R 2 can be defined 
as follows: for any [t\,t 2 ) x [xi,x 2 ) x [yi,y 2 ) C [0, T] x R 2 



*2 f%2 fV2 



d x , y ,s < h(x), h(y) > s 



*2 rx 2 rV2 



ti J x\ J yi 



*2 fX2 fV2 



ti J xi J yi 



&x, y ,sh{s,x,y) 



= < h{x 2 ),h{y 2 ) >ll - < h(x 2 ),h(yi) >\\ 

- < h{ Xl ),h{y 2 ) >\\ + < h(xi),h(yi) >\\ 
= < h(x 2 ) - h( Xl ), h(y 2 ) - h( yi ) >\\ . (2.1) 

Define 

|d x ,s,,s < h(x),h(y) > s | = d x ^ Si /i(s, x, y) + d x , y , s f 2 (s, x, y). (2.2) 
Moreover, for h 6 V 2 , define: 



Vs(h) :— |<? : g £ Vi has a compact support in x, and 



E 



lo Jr 2 

Consider now a simple function 



\g(s,x)g(s,y)\\d x , y , s < h(x),h(y) > s 



< oo 



}■ 



g(s,x,u) =^2^2e(tj,Xi)l(t jltj+1 ](s)l( XilXi+1 ](x) (2.3) 

i=l 3=1 

where ti < t 2 < ■ ■ ■ < t n+ i, x\ < x 2 < ■ ■ ■ < x m+ i, e(tj,Xi) are T tj - 
measurable. For h £ V 2 , define an integral as: 
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it(g) ■■- 



If 

Jo J-, 



g(s,x)d s , x h(s,x) 



= y^y^efe At,Xj) h(tj+i At,x i+ i) - h(tj At, x i+1 ) 

i=l j = l 

-h(tj+i At,Xi) + h(tj At,Xi) . (2.4) 

This integral is called the stochastic Lebesgue-Stieltjes integral of the simple 
function g. It's easy to see for simple functions (71,52 £ ^(h), 



I t {agi + (3g 2 ) = al t ( gi ) + f3I t (g 2 ), 



(2.5) 



for any a, f3 <E R- The following lemma plays a key role in extending the 
integral of simple functions to functions in Vs(h). It is equivalent to the Ito's 
isometry formula in the case of the stochastic integral. 

Lemma 2.1 If h e V2, g £ Vs(h) is simple, then It(g) is a continuous mar- 
tingale with respect to (Ft)o<t<T and 



E 



t roo \ 2 

/ g(s,x)d SiX h(s,x) 

J-oc 



= E I / 9(s,x)g(s,y)d x>y>3 < h(x),h(y) > s . (2.6) 
Jo Jb? 

Proof. From the definition of J* g(s, x)d s _ x h(s, x), it is easy to see that I t 
is a continuous martingale with respect to {J- t )o<t<T- As h(s, x, u) is a contin- 
uous martingale in M.i, using a standard conditional expectation argument 
to remove the cross product parts, we get: 



E 



/ / 9(s,x)d a>x h(s,x) 

JO J-00 



m / n 



E^2[ ^ e(tj A t, Xi) h(tj+i At,Xi+i) -h(tj At,Xi+i) 

3 = 1 V i=l 

\ 2 

—h(tj + i A t, x^ + h(tj A t, Xi 



rn / n n 



= ^E EE e ^ ht,Xi)e(tj At,x k ) ■ 

3=1 V i=l fe=l 

A t,x i+1 ) - h(tj A t,x i+1 ) - h(t j+1 A t,Xi) + h(tj A t,x { ) 
h(t j+1 A t, x k +i) - h(tj A t, x k +i) - h(tj+i A t, x k ) + h{t A t, x k ) 
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rn f n n 



I ^2^2 e (tj At,Xi)e(tj At,x k ) ■ 

3=1 I i=l fe=l 

A t,x i+ i) - h(tj At,x i+ i))(h(tj + i A t,x k+1 ) - h(tj A t,x k +i)) 
-(h(tj + i At,x i+ i) - h(tj At,x i+ i))(h{t j+1 At,x k ) - h(t 3 At,x k )) 
-{h(tj + i A t, Xi) - h(tj A t,Xi)) (h(t j+ i A t, x k +i) - h(tj A t,x k+1 )) 

+ (h(t j+1 At,Xi) - h(tj At,Xi))(h{t j+1 At,x k ) - h{t 3 At,x k )) 

pt n n 

E I y^ j y^ j e{s,x i )e{s,x k ) d s < h(x l+1 ),h(x k+1 ) > s 

J ° i=i fc=i L 
-d s < h(x i+ i),h(x k ) > s -d s < h(x t ),h(x k+ i) > s 

+d s < h(xi),h(x k ) > 6 

ft n n 

E I ^2 ^2 e ( s ' x i) e ( s > x k)) d s < h(x l+1 ) - h(xi), h(x k+1 ) - h(x k ) > s 



E 



i=i k= \ 
t 

g(s,x)g(s,y)d x . VyS < h(x),h(y) > 6 

o Jr 2 



So we prove the desired result. o 

The idea is to use (|2.6[) to extend the definition of the integrals of simple 
functions to integrals of functions in Vs(/i), for any h G V2. We achieve this 
goal in several steps: 

Lemma 2.2 Let h G V2,. / G Vj,{h) be bounded uniformly in oj, f(-,-,co) be 
continuous for each to on its compact support. Then there exist a sequence of 
bounded simple functions if m ,n G V^ih) such that 



E 



JR 2 



I (/ - <Prn,n)(s,x)(f 

(fin' ,n' I ^x, y ,s < h(x),h(y) > s I 



0. 



as m,n,m' ,n' — > 00. 

Proof. Let [0, T] x [a, b] be a rectangle covering the compact support of / and 
= t\ < t<x < ■ ■ ■ < t rn+ i = T, and a = x\ < x-i < ■ ■ ■ < x n +\ — b be a 
partition of [0,T] x [a, b]. Assume when n,m — > 00, max {tj+\ — tj) — » 0, 

l<j<rn 

max (xi+i — Xi) —> 0. Define 

Ki<n 



3=1 »=1 



(2.7) 
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Then ip mn (t,x) are simple and ip mjl {t,x) — > f(t,x) a.s. as m,n — > oo. The 
result follows Lebesgue's dominated convergence theorem. o 

Lemma 2.3 Let h G Vi and k £ V3Q1) be bounded uniformly in to. Then 
there exist functions f n £ Vs{h) such that /«(•, ■,u>) are continuous for all w 
and n on its support, and 

E [ f (k~ fn)(s,x)(k- f n >)(s,y)\ I d x , y . s < h(x),h(y) > s \ 

JO J R 2 

0, 

as n! — > 00. 
Proof. Define 

f n (s,x)=n 2 J J ^k(T,y)drdy. 

Then /„(s,x) is continuous in s,x, and when n — ► cxd, f n (s,x) — ► fe(s,x) 
a.s.. The desired convergence follows by Lebesgue's dominated convergence 
theorem. 

Lemma 2.4 Let /i 6 V2 and o 6 V3(/i). TTien t/iere exist functions k n £ 
V3(/i), bounded uniformly in lo for each n, and 

E / I (g-k n )(s,x)(g-k n ,)(s,y)\ \ d X)JM < h{x),h{y) > s 
Jo Jb? 



Proof. Define 

!— n if g(t,x,uj) < —n 

g(t,x,oj) if — n < g(t,x,uj) < n (2-8) 

n if <?(i, a;, u) > n. 

Then as n — > 00, /c n (t,x,w) — -> g{t,x,uj) for each (£, x,w). Note fc„(i, x, u>)\ < 
x,w)| and g £ Va(/i). So applying Lebesgue's dominated convergence 
theorem, we obtain the desired result. o 

From Lemmas 12.41 12.31 12.21 for each h £ V2, g £ Va(/i), we can construct 
a sequence of simple functions {tp m ,n} in Vs(/i) such that, 

E \ (g - <Prn,n)(s,x)(g ~ ¥rn',n')(s,y)\ \ d x , y , s < h(x),h(y) > s \ 

Jo Jb? 
->0, 
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as to, n, to', n' — ► oo. For <y2 m „ and tp m > tn >, we can define stochastic Lebesgue- 
Stieltjes integrals It(<f>m,n) ancl Itifm' ,n') ■ From Lemma |2.1l and (|2.5p . it is 
easy to see that 

E [lr(¥>m,n) - lT{Vm',n')f 
= E [Ix(<Pm,n ~ <Pm',n')] 

= E (<p )(s,x)((p )(s,y)d XiVyS < h(x), h(y) > s 

Jo Jr 2 

= E / [(ip m ,n - g) - (<Pm',n' - fl0](s,20 ' 

JO JR 2 

[{<Pm,n ~ 9) ~ (Vm'.n' ~ fl")] ( s i V) d x,y,s < h(x), h(y) > s 
= E / ((f m ,n ~ z)(<Pm,n ~ 9)(s, y)d x ,y,s < h(x), h(y) > s 

Jo Jr 2 

-E I I {Lp m ,n - g)(s, x)(<p m /, n > - g)(s, y)d x , y . s < h(x), h(y) > s 
Jo Jr. 2 

-El / (<Pm',n> - g){s,x)(<Pm,n - g)(s,y)d x>VtS < tl(x),h(y) > s 

Jo Jr 2 

+E I I ((pm',n> - g){s,x)( ( Pm',n> - g){s,y)d x ,y,s < h(x),h(y) > s 

Jo Jr 2 

<E / \((p m ,n-g)(s,x)(<p m>n -g)(s > y)\\d x> y iS <h(x),h(y)> B \ 
Jo Jr 2 

+ E I I I (¥>m,n ~ g)(s,x)((p m ',n' - 9)(s > V) II "z.y.s 

< h(x),h(y) > s \ 

Jo Jr 2 

+ E / I (Pm',n' - g)(s,x){ip m . n -g)(s,y) \\ d x . y , s < h(x),h(y) > s \ 
Jo Jr 2 

+E l I \ (tp m ',n' - g)(s,x){<p m >,n' - g){s,V) \\ d x ,y !S < fl(x),h(y) > s \ 

Jo Jr 2 



as m,n,m',n' — *■ oo. Therefore {/. (<p m ,n)}m n=i is a Cauchy sequence in M.2 
whose norm is denoted by || • ||. So there exists a process 1(g) = {l t (g),0 < 
t < T} in M2, defined modulo indistinguishability, such that 

|| I(<Pm,n) - 1(g) ||— * 0, CIS TO, Ti > 00. 

By the same argument as for the stochastic integral, one can easily prove that 
1(g) is well-defined (independent of the choice of the simple functions), and 
H'2.6fl is true for 1(g). We now can have the following definition. 

Definition 2.1 Let h S V2, g G Vs(h).Then the integral of g with respect to 
h can be defined as: 
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ft pOO 



g(s,x)d StX h(s,x) 



J-oo 



= lim 



m,n — >oc 



J-oo 



<Pm,n(s,x)d SiX h(s,x), (limit in M 2 ) 



is a continuous martingale with respect to (^t)o<t<T and for each t < T, 12. 6)) 
is satisfied. Here \}p m ,n) is a sequence of simple functions in V^,(h), s.t. 



E 



o J R 2 



(.9 - <Pm,n)(8,x)(g (pm f ,n f )(s,y)\\ < h{x),h(y) > s | 



0, 



as m,n,m',n' — > oo. Note ip m ^ n may be constructed by combining the three 
approximation procedures in Lemmasl 



The following integration by parts formula will be useful in the proof of our 
main theorem. Although the conditions are strong and may be unnecessary, 
the proposition is enough for our purpose. We don't strike to weaken the 
conditions here. 

Proposition 2.1 If h £ V2, g £ Vz(h), and g(t,x) is C 2 in x, Ag(t,x) is 
bounded uniformly in t, then a.s. 



Vg(s, x)d s h(s, x)dx 



t r + oo 



g(s,x)d S;X h(s,x). (2.9) 



Proof. If g is a simple function as given in (|2.3(l . one can always add some 
points in the partition to make e(tj A t, x\) = and e(tj A t, cc n +i) = for all 
j = 1, 2, • • • , m as g has a compact support in x. So for h £ V2, 

g(s,x)d SiX h(s,x) 

J -oo 
n m 

= ^2 X] A *' ^fo'+i A *' ^t+i) - h(tj A t, Xi+%) 

t=l 3=1 

—h(tj + i A t, Xi) + h(tj A t, Xi) 

to— 1 m 

= - ^2 e(tj A t, x i+ i) h(t j+ i A t, x i+ i) - h(tj A t, x i+1 ) 
»=o 3=1 

n m 

+ 2j^Je(tj At,Xi) h(t j+ i At,x i+ i) - h(tj At,x i+ i] 
i=i 3=1 

n m 

= ~ y^y^ [e(*j A t,a;i+i) - e(tj A t, a;*) ft(t,+i A £,£<+!.) - A t, Xj+i) 
i=l 3=1 
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If g(t, x) is C 2 in x and Ag(t, x 2 ) is bounded uniformly in t, let 

m n 

Vm,n(^ X ) ~ ^^9{tj,Xi)l [tj , tj+l) {t)l [xuXi+l) {x), 
j = \ i=l 



SO 



Vm,n(ii x) — ► x) a.s. as m, n — > oo. 

Then by the intermediate value theorem, there exist £j e [xj,x, + i] (i = 
1, 2, • ■ • , n) such that, 

+oo />£ 
oo JO 



5(s,x)d 5iX /i(s,x) 

n m 

lim A t, x i+1 ) - g(tj A t, Xi ) 

t,o x — >0 f — * 1 — * L 



i=l j=l 



A t, Xj+i) — A i, Xi + i) (limit in M.2) 



= ~A\ m 5252 ^9{tj AUj) Ai,x, + i) - At,%i) 

Ot,o x — >0f — 7 . — * L 

2=1 J = l 



= - lim V / Vg(s,£i)d s h(s,x i+ i)(x i+1 - x,) 
= - lim V / Vg(s,x i+ i)d s h(s,x i+1 )(x i+ i - x,) 

- lim Y] / (V#(s,&) - Vg(s,x i+1 ))d s h(s,x i+1 )(x i+1 - x») 



(limit in M2) 



/+00 
j Vg(s,x)d s h(s,x)dx. 
-00 Jo 



(limit in M2) 



Here 5 t = max \tj + i — tj\, 8 X = max \x i+ i — Xi\. To prove the last equality, 

l<j<m ' l<i<m 

first notice that 



lim S~] / \7g(s,x l+1 )d s h(s,x i+1 )(x l+1 

1=1 1/0 



+ 00 



Vg r (s, x)d s /i(s, x)dx. 



Second, by the intermediate value theorem again, the second term can be 
estimated as: 



E 
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/ (Vg(s,^) - Vg(s,x l+1 ))d s h(s,x l+1 )(x l+1 - x { ) 
.i=i - 70 

= E^2^2 / (Vg(s,ti) -Vg(s,Xi +1 ))d a h(s,Xi +1 )(x i+1 -Xi) ■ 
i=i fc=i LJo 

/ (Vff(s, &) - Vg(s, x fe+ i))d s /i(s, x fe+ i)(x fe+ i - ife) 
Jo 

= EE E (Vfl(s,6)-Vfl(*,a; <+ i))(V5(a,&)-V5(a,a: fc+ i)) 
<=i fc=i 7o 

d s < ft(ar fe+ i) > s (a; i+ i - a;j)(a; fe+ i - x k ) 



<Y.Y. E SU P |Vff(*,6)-Vff(s,a:i + i)|- 
i=ife=i ?.e[^^.+i] 

sup |V#(s,£ fe ) - Vg(s,a; fe+ i)| ■ 

?jce[a;fc,Xfe + i] 

< > t < /i(x fc+ i) > t - Xi)(x k+ i - x k ) 

< E sup sup sup \Ag(s,r]i)(£i - x i+1 )\ ■ 

1 s * Si€[xi,x i+ i] 

supsup sup |zi#(s,r?fc)(£fc - Zfc+i)|| < ft(ar i+ i) > t < h(xk+i) >t \* 

s k £ k £[x k ,x k + 1 ] 

(n n \ 
i=l fc=l / 

— ► 0, as <5 X — > 0, 

where 77, £ [^,a;i+i], r\k S [£fc,£fc+i]- The desired result is proved. o 



3 The generalized Ito's formula in two-dimensional space 

Let X(s) = (Xi(s), X2(s)) be a two-dimensional continuous semi-martingale 
with Xi(s) = Xi(0) + Mi(s) + V l (s)(i = 1,2) on a probability space {(2,F,P). 
Here Mj(s) is a continuous local martingale and V%{s) is an adapted continuous 
process of locally bounded variation (in s). Let Li(t,d) be the local time of 
Xi(t) (i=l,2) 



1 /•* 

Li(i,a) = hm— / l [a . a+e) (X i (s))d <M 4 > S , a. 

ej.0 j 



s. i = 1,2 (3.1) 



for each f and a e R. Then it is well known for each fixed a £ R, Lj(t, a,w) 
is continuous, and nondecreasing in t and right continuous with left limit 
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(cadlag) with respect to a (H£|, ESI)- Therefore we can define a Lebesgue- 
Stieltjes integral J Q 4>{s)dL i (s, a, u>) for each a for any Borel-measurable func- 
tion (j). In particular 

lR\{ a }(Xi(s))dLi(s,a,uj) = 0, a.s. i = 1,2- (3.2) 

Furthermore if is differentiable, then we have the following integration by 
parts formula 

t 

<f)(s)dLi(s, a, oj) 

4>(t)Li(t, a, uS) — I (f)' (s)Li(s, a,uj)ds, a.s. i — 1,2. (3.3) 



Moreover, if g(s,Xi,iS) is measurable and bounded, by the occupation times 
formula (e.g. see |2S])), 

/OO pt 
/ g(s,a)dLi(s,a,oj)da. a.s. i = l,2 
-oo JO 

If g(s, Xi) is differentiable in s, then using the integration by parts formula, 
we have 

t 

g(s,Xi(s))d <Mi> s 



2 / / g(s,a)dLi(s,a,oj)da 



= 2 / g(t, a)Li(t, a, u)da 

J —oo 

—2 / / — g(s, a)LJs, a, w)dsda, a.s., (3-4) 

for i = 1,2. On the other hand, by Tanaka formula 

L^a) = (JTi(i) -o) + - (Xi(0) -o)+ - Mi(t,o) - Vi(i,a), 

where Zi(t 7 a) = J Q l^x 1 (s)>a}dZi(s), Z\ — Mi,Vi,Xi. By a standard lo- 
calizing argument, we may assume without loss of generality that there is a 
constant N for which 

sup |Xi(s)| < N, <A'h> t < N, Var t Vi < N, 

0<s<t 

where VartVi is the total variation of V\ on [0, t]. From the property of local 
time (see Chapter 3 in QS]), for any 7 > 1, 
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E\M x {t, a) - M 1 (i,6)| 2 T 

= E\ f l {a<Xs < b} d<M 1>s |T 
Jo 

< C(6-a) 7 , a < 6 

where the constant C depends on 7 and on the bound N. From Kolmogorov's 
tightness criterion (see we know that the sequence Y n (a) :— —Mi(t,a), 

n = 1, 2, • • •, is tight. Moreover for any ai, 02, • • • , fltfc, 

P(sup|ijCfi(t,a<)| < 1) 

a, n 

= P(|-Mi(t,ai)| < l,|-Mi(t,aa)| < 1, • ■ • , |-Mi(f, a k )\ < 1|) 
n n n 



A; 

i-'E^d-M!^,^)! > 1) 



> 

1=1 

fc 



M-i^lMffMi)] 

77 z z ^ 



71' 



> i-_C(JV-o), 
77/ 

so by the weak convergence theorem of random fields (see Theorem 1.4.5 in 
|rS]1. we have 

lira P(sup|Mi(t,a)| < n) = 1. 

n->ao a 

Furthermore it is easy to see that 

— V\(t, a) < —Var t Vi(t, a) — * 0, when n — > 00, 
n n 

so it follows that, 

lira P(sup|Li(t,a)| < n) = 1. 

n->oo a 

Therefore in our localization argument, we can also assume L\(t,a) and 
L2(t,a) are bounded uniformly in a. 

In the following we assume some conditions on / : R + x R x R — > i?: 

Condition (i) /(•,-,•) : -R + x R x R ^ R is left continuous and locally 
bounded and jointly continuous from the right in £ and left in (xi, X2) at each 
point (0, X\, X2); 

Condition (ii) the left derivative x\, X2) exists at all points of 

(0, 00) x R 2 , and Vjf /(t, xi, X2), V^"/(t, Xx^x^) exist at all points [0, 00) x i? 2 
and are jointly left continuous and locally bounded; 
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Condition (Hi) V~/(i, X\, x%) is of locally bounded variation in Xj, i = 1,2; 

Condition (iv) ^V^f(t, x\, X2) {i — 1,2) and VJ" V^"/(i, xi, X2) exist at 
all points of (0, 00) x R 2 and [0, 00) x R 2 respectively, and are left continuous 
and locally bounded; 

Condition (v) VJ~ V 2 f(t, x\, X2) is of locally bounded variation in (i, x\) 
and (t, X2) and Vj~ V^"/(0, #i, a; 2 ) is of locally bounded variation in x\ and X2 
respectively. 

From the assumption of V^f/, we can use the one-dimensional generalized 
Ito formula (Theorem 1.1 in [J]) 

Vr/(t,a,* 2 (t))-Vj7(0 > a,X 2 (0)) 

= / |-Vr/(s,a,X 2 ( S ))ds+ / VrV 2 -/( S ,a,X 2 ( S ))rfX 2 ( S ) 

/oo 
£ 2 (i, x 2 )d l2 V^f V2 f{t, a, x 2 ) 
-00 

/+00 <.t 
/ L 2 (s,x 2 )d S!:z;2 Vj;V 2 _ /(s,a, x 2 ). a.s. (3.5) 
-00 Jo 

Therefore Vj~/(t, a, X 2 (t)) is a continuous semi-martingale, and can be de- 
composed as Vi f(t,a, X 2 (t)) = V^/(0, a, X 2 (0)) + h(t,a) + v(t,a), where 
h is a continuous local martingale and v is a continuous process of locally 
bounded variation (in t). In fact h(t,a) = J V.2~/(s, a, JT 2 (s))<iM 2 (s). De- 
fine 

F s (a,b) := < h(a),h(b) > s = < Vjf/ (a), Vjf/ (&) > s 

= / VrV 2 -/(r,a,X 2 (r))VrV 2 -/(r,6,X 2 (r))d<M 2 > r . 
Jo 

F/J+KM) := < h(a),h(b) >^ = < f(a),V^ f(b) 

- / " +1 VrV 2 -/(r,a,X 2 (r))VrV 2 -/(r,6,X 2 (r))d <M 2>r . 

J Sfc 

We need to prove h(s 7 a) S V 2 . To see this, as Vj~ V^fit, x\, x 2 ) is of locally 
bounded variation in xi, so for any compact set G, V7 V-^/^, x%, x 2 ) is of 
bounded variation in x\ for x\ G G. Also on this set, let V be the partition 
on R 2 x [0, t], Vi be a partition on R (i = 1, 2), V3 be a partition on [0, t] such 
that V = Pi x V 2 x V 3 . Then we have: 

Var s , a , 6 (F s (a,6)) 

= ^EEElCK+i-^i) - F^(a i+1 ,bj) - F^( ai ,b j+1 ) 

-p I 

+F s s ^(a u b J ) 
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i>yyy i / 

V 



/Sfc+1 
VrV 2 -/(r,a i+ i,X 2 (r))VrV2/(r,6 J -+i,X 2 (r))d<M 2 > r 

- / " +1 VrV 2 -/(r,a i+ll X 2 (r))VrV 2 /(r,6 j ,X 2 (r))d<M 2 > r 

- / VrV 2 /(r,a i) X 2 (r))VrV 2 /(r,6 j+1 ,X 2 (r))d<M 2 > r 
+ / VrV 2 /(r,ai,X 2 (r))VrV 2 /(r,6 J -,X 2 (r))d<M 2 > r 

EEE / Sfc+1 fvrV 2 -/(r,a i+1; X 2 (r))-VrV 2 -/(r,a. i ,X 2 (r)) N ) 



sup 

•p 



VrV 2 /(r,6 j+1 ,X 2 (r)) - VrV 2 f(r, b h X 2 (r))j d <M 2 >, 

< / supV |vrV 2 /(r,a <+1 ,X 2 (r))-VrV 2 /(r,a i ,X 2 (r)) 
Pi 5 1 

supV Iv^Va /(r,6 i+ i, JT 2 (r)) - Vr Va /(r, bj, X 2 {r)) d <M 2>r 
= J rVar a (V^V 2 /(r,a,X 2 (r)))^ d <A/ 2>r < oo. 

Therefore under the localizing assumption, f Q Li(s, a)d s . a ^if(s, a, X 2 (s)) 

and J Q L 2 (s, ct)d S)0 V 2 ~/(s, Xi(s), a) can be defined by Definition 12.11 A 
localizing argument implies they are semi-martingales. 

We will prove the following generalized Ito's formula in two-dimensional 
space. 

Theorem 3.1 Under conditions (i)-(v), for any continuous two-dimensional 
semi-martingale X{t) = [X\{t) , X 2 (t)) , we have 



f(t,X 1 (t),X 2 (t)) 



* d- 



/(0,X 1 (0),X 2 (0)) + J —f(s,X 1 (s),X 2 (s))ds 

+ E / ^7f(s > X 1 (s),X 2 (s))dX i (s) 
i=i Jo 

/OO 
L 1 {t,a)d a \7^f(t,a,X 2 {t))- 
-oo 

+ / L2(t,a)d«V2/(t,*i(t),a) - 



+ oo ft 



oo JO 
+ 00 /.* 



Li(s, a)d SiQ V 1 f(s, a, X 2 (s)) 



/ — oo 



L 2 (s,a)d s , a V 2 /(s,Xi(s),a) 



/ ViV 2 -f(s,X l {s),X 2 (s))d<Mi,M 2 > s . a.s. 
Jo 



(3.6) 
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Proof. By a standard localization argument, we can assume Xi(t), X 2 (t) and 
their quadratic variations <Xi> t ,<X 2 > t and <Xi,X 2 > t and the local 
times L\, L 2 are bounded processes so that /, Qjj-f, V^/, V 2 f, V^VJ/, 
T^ar^VT//, Var X2 V 2 /, Far^ Vj" V2 /, Var^VT/V-j"/ are bounded. Note the 
left derivatives of / agree with the generalized derivatives, so condition (ii) and 
(iv) imply that / is absolutely continuous in each variable and Vj - / is abso- 
lutely continuous with respect to t and x 2 respectively and Vj/ is absolutely 
continuous with respect to t and £1 respectively. 

We divide the proof into several steps: 

(A) Define 



p[x) = ce<^T, if* 6(0,2), (37) 
1 0, otherwise. 

Here c is chosen such that J 2 p(x)dx = 1. Take p n {x) = np(nx) as mollifiers. 
Define 

fn(s,X!,X 2 ) 

+00 p-\-oc /*+oo 

p„(s - r)p n {xi - y)p n (x 2 - z)f(r, y, z)drdydz, n>l, 

where we set f(r,y,z) = f(—T,y,z) if r < 0. Then f n (s, x\, x 2 ) are smooth 
and 

f n (s,Xi,x 2 ) 

2 f 2 f 2 t y z 

/ / P( t )p(y)p( z )fi s ,xi ,x 2 )dtdydz, n > 1. (3.8) 

Jo Jo n n n 

Because of the absolute continuity mentioned above, we can differentiate under 
the integral JjOJ to see ^/„, Vi/ n , V 2 /„, ViV 2 /„, Var Xl Vi/„, Var X2 V 2 f n , 
Var Xl ViX7 2 f n and Var X2 Vi V 2 / n are bounded. Furthermore using Lebesgue's 
dominated convergence theorem, one can prove that as n — > 00, 







,x 2 ) - 


-> /(s,xi,x 2 ), s > 


(3.9) 


9 t r 








(3.10) 






,x 2 ) - 


-> -Q^f(s,x 1) x 2 ) ) s > 


Vi/ n (a, 


Xl. 


x 2 ) - 


-> V 1 "/(s,xi,x 2 ), s > 


(3.11) 


V 2 fn(S: 


Xl. 


,x 2 ) - 


■* V 2 /(s,xi,x 2 ), s > 


(3.12) 


ViV 2 /„(s. 


Xl. 


,x 2 ) - 


VfV 2 _ /(s,xi,x 2 ), s > 


(3.13) 



and each (xi,x 2 ) 6 R 2 . 

(B) It turns out for any g(t, xi) being continuous in t and C 1 in x\ and having 
a compact support, using the integration by parts formula and Lebesgue's 
dominated convergence theorem, we see that 
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« + oo 



/+oo 
g(t, x 1 )A 1 f n (t, x 1 ,X 2 (t))dxi 
-oo 

/oo 
Vg(t, xi)Vif n {t, xi,X 2 (t))dx! 
-oo 

/oo 
V<?(i, a:i)Vr/(t, an, Jf 2 (t))da;i. (3.14) 
-oo 

Note Vif(t, xi, X2) is of locally bounded variation in xi and g(t,x\) has a 
compact support in x\, so 

/+00 
V ff (i,a;i)Vr/(t,a;i,X2(i))rfa;i 
-OO 

/ + OO 
g(t,x 1 )d Xl V^f{t,x 1 ,X 2 {t)). (3.15) 
-OO 



Thus 

/+00 
g(t, xi)Z\i/„(t, ori, X 2 {t))dx 1 
-00 

/oo 
fl (t, a ; 1 )d Xl Vr/(i,a ; i,X 2 (f)). (3.16) 
-00 

(C) If g(s,Xi) is C 2 in x l7 4</(s, an) is bounded uniformly in s, J^Vg(s,Xi) 
is continuous in s and has a compact support in an, and 
E So Ir 2 \9{s,x)g{s,y)\\d XiVia < h(x),h(y) > s \ < 00, where h E V 2 , then 
applying Ito's formula, Lebesgue's dominated convergence theorem and the 
integration by parts formula, 

ft /> + oo 



rt r+oo q 

lim ( / / g(s,x 1 ) — A 1 f n (s,x 1 ,X 2 (s))dx 1 ds 
rw+oo \_y ,y_ 00 as 

rt r + oo 

+ 11 g(s,x 1 )S7 2 A 1 f n (s,x 1 ,X 2 {s))dx 1 dX 2 (s) 

JO J-oo 

+1 I I g(s,x 1 )A 2 A 1 f n (s,x 1 ,X 2 (s))dx 1 d <M 2 > S ) 
z Jo J-00 ' 

rt r+OO Q 

= - lim / / Vg(s,x 1 ) — Vif n (s,xi,X 2 (s))dxids 

n^+oc \J Q J_ oc ds 
rt r + oo 

+ \7g(s,x 1 )X7 1 V 2 f n (s,x 1 ,X 2 {s))dx 1 dX 2 {s) 

JO J-00 

+1 I I ^g{.s,x 1 )A 2 V 1 f n {s,x 1 ,X 2 {s))dx 1 d<Mi>s ) 

z Jo J-00 ' 

/oo rt 
\ \7g(s,x 1 )d s V 1 f n (s,xi 1 X 2 (s))dx 1 
-00 Jo 
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n — >+oo 

ft f+OO Q 







lim ( / Vg(s,x 1 )Vif n (s,x 1 ,X 2 (s)) 

Vg(s,xi)Vif n (s, xx, X 2 (s))dxxds 



ds 

Vg(s,x 1 )Vif(s,x 1 ,X 2 (s)) 



J -co 

00 t 

dxi 

—00 

t /> + CO 







f f + °° d 

J J -^Vg{s 1 xi)V 1 f(s,xi,X 2 {s))dxids 

-OO pt 

Vg(s, xi)d s Vj"/(s, xi, X 2 (s))dxi. 



-00 Jo 

It turns out by applying Proposition 12 . II that 

rt r+00 



rt r + 00 q 

lim / / g(s,x 1 ) — A 1 f n (s,x 1 ,X 2 (s))dx 1 ds 

i^+oo \J Q J_ QO ds 

t /> + OC 

g(s, xi)X7 2 Aif n (s, xi, X 2 (s))dx 1 dX 2 (s) 

J-00 

- / / g{s,x x )A 2 A 1 f n {s,x 1 ,X 2 {s))dxid<M 2 > a 

& JO J -co 

t f+OC 

g(s, a:i)d,, B1 Vj:/(s, a?i, X 2 (s)). (3.17) 

(D) But any cadlag function with a compact support can be approximated by 
smooth functions with a compact support uniformly by the following standard 
smoothing procedure 

r°° r 2 z 

g m (t,x 1 )= / p m (y - x 1 )g(t,y)dy = / p(z)g(t, x% H )dz. 

J-00 Jo m 

Then we can prove that l|3.1(j[l also holds for any cadlag function g(t, x\) with 
a compact support in x\. Moreover, if g e V3, l|3.17[l also holds. 
To see (|3.16f) . note that there is a compact set G C R 1 such that 

max \g m (t, xi) — g(t, Xi)\ — > as m — > +00, 



Note 



Xi) = g(t, xi) = for xi £ G. 



g(t,xi)A 1 f n (t,xi,X 2 (t))dxi 



g m {t, xi)A 1 f n (t, x 1 ,X 2 (t))dxi 

' —OO 

/ + OC 
(g(t,xi) - g m {t,x 1 ))A 1 f n {t 1 x 1 ,X 2 {t))dx 1 . (3.18) 
-OO 
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It is easy to see from (|3.16|1 and Lebesgue's dominated convergence theorem, 
that 

/ + OC 
g m (t, xi)Aif n (t, xi,X 2 (t))dxi 
_ 



lim / g m (t, Xi)d Xl V -i f(t,Xi,X 2 (t)) 

g(t,xi)d Xl ^f(t, Xl ,X 2 (t)). (3.19) 



Moreover, 



+00 

g(t,X!) - g m (t,xi) )A\f n (t, x 1 ,X 2 (t))dx 1 \ 



x i) 1 %i 

< I max \g(t, x\) — g m (t, xi)\) Var x ^ G V x f n {t, x u X 2 (t)). (3.20) 

But, 



lim limsup max \g(t, xi) - g m (t, xi)\ )Var XieG Vif n (t, xi, X 2 (t)) = 0. 
So inequality l|3.2U[l leads to 

lim limsup| / [g(t,x 1 )-g m (t,x 1 ))A 1 f n (t,x 1 ,X 2 (t))dx 1 \ 
= 0. (3.21) 
Now we use (|3~T%|) . (jTTOt and (PHT|) 

/+00 
g(t, xi)Aif n (t, xi,X 2 (t))dxi 
-00 

/+00 
g m (t, Xi)Aif n (t, X!, X 2 (t))dxi 
-00 

+ lim limsup/ ( g(t, x x ) - g m (t, X\) ) A 1 f n (t, Xi, X 2 (t))dxi 

m^rOO „_,,„ ./_~, V / 



n— >oo J -00 

^(^xOd^vr/^xi,^^)). 



Similarly we also have 

r+oo 



/-too 
g(t, xi)Aif n (t, xi,X 2 (t))dxi 
-00 

g(t,x 1 )d Xl Vif(t,x u X 2 (t)). (3.22) 



Two-dimensional generalized Ito Formula 21 

So (|3.1tj|) holds for a cadlag function g with a compact support in X\. 

Now we prove that l|3.17[l also holds for a cadlag function g 6 V3. Obvi- 
ously, 

t r + OO Q 

g(s,xi)—A 1 f n (s,x 1 ,X 2 (s))dxxds 



IQ J -00 

ft /> + 0O 



pt p + oo 

+ g(s,x 1 )\7 2 A 1 f n (s,x 1 ,X 2 (s))dx 1 dX 2 (s) 

JO J-00 

+ \ f ( g(s,x 1 )A 2 A 1 f n {s,x 1 ,X 2 (s))dx 1 d <M 2 > S 

* JO J-00 

pt p+00 

/ / g(s,Xi)d StXl Vif n (s,x 1 ,X 2 (s)). 

Jo J-00 



Define 



00 c 00 



g m (s,xi)= / p m (y-Xi)p m (T-s)g(T,y)drdy. 



CJO — OO 



Then there is a compact G C R 1 such that 

max |o m (s, x\) — q(s, xi)\ — > as m — > +00, 
3m(s,xi) = g{s,x x ) = for X\£G. 

Then it is trivial to see 

/ / g(s,x 1 )d StX1 V 1 f n (s,x 1 ,X 2 (s)) 

Jo J-00 

pt p + oo 

= g m (s,x 1 )d SyXl \7 1 f n (s,x 1 ,X 2 (s)) 
Jo J-00 

pt p+00 

+ / (g(s,xi) - g m (s,x 1 ))d s , Xl V 1 f n (s,x 1 ,X 2 (s)). 

Jo J-00 

But from (|3.17|) . we can see that 
pt p+00 

lim lim / / g m {s, a;i)d SjX1 Vi/„(s, Xi, X 2 (s)) 

pt f + OO 

= lim / / g m (s > Xi)d s , Xl Vif(s,Xi > X2(s)) 

J U « — oo 

= 11 g{s 1 xi)d s ^ Xl Vif{s,xi,X 2 {s)). (limit in M 2 ) (3.23) 
The last limit holds because of the following: 
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n + OO 



E 



OO 

t /•■+OO 



(Sm(s,£i) ~ ff(* ) 3fi))da,xiV 1 /(s,£i,X 2 (s)) 

(9m - g)(s, a){g m - g)(s, 6)d Qib d s < Vj~/(a), /(&) > s 



'0 J-oo 



(5m - 9)(s,a)(g m - g)(s,b) 

'0 J-oo 

d Q , 6 VrV 2 -/( S , a, X 2 (s))VrVj/(fl, 6, X 2 (s)) 



-Hoc 



(5m - a)d Q V 1 V 2 /(s, a, X 2 (s)) 



d <M 2 > S 



d <M 2 > S 



0, as m — > oo. 



On the other hand, 



lim lim / / (g(s, xi) - g m (s, x 1 ))d s ^ Xl Vi/„(s, a?i, X 2 (s)) 

/O J-oo 



m — >oo n — >oo 



0. 



(limit in A4 2 



(3.24) 



In fact, 



+ OC 



E 



= / £ 

/() 



(g(s,xi) - ff m (s,a:i))d a , a . 1 V 1 /„(s, a?i, X 2 (a)) 

+ 00 



(5 - 5m)(s, a)d a Vi V 2 /„(s, a, X 2 (s)) 



d <M 2 > S 



Note that Vi V 2 /„(s, a, X 2 (s)) is of bounded variation in a, we can use an 
argument similar to the one in the proof of l|3.21(l and H3.22J) to prove l|3.24|l . 

(E) Now we use the multi-dimensional Ito's formula to the function 
f n (s,X 1 (s),X 2 (s)), then a.s. 

f n (t, Xx(t), X 2 (t)) - f n (0, X x (0), X 2 (0)) 

= f ^-f n (s,X 1 (s),X 2 (s))ds + V / W i f n (s,X 1 (s),X 2 (s))dX i (s) 
Jo as i=1 Jo 

1 r* 

+-J A 1 f n (s,X 1 (s),X 2 (s))d<Mi> s 
1 '* 



(3.25) 



+- / A 2 f n (s,X 1 (s),X 2 (s))d<M2> s 
* Jo 

- f V 1 V 2 f n (s,X 1 (s),X 2 (s))d<M u M 2 > s 
Jo 



As n — ■> 00, it is easy to see from Lebesgue's dominated convergence theorem 
and (E2J), (Gnu, PTT) . lj3~T2)) . j3~T5)l that, (i = 1,2) 
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f n (t, X 1 (t),X 2 (t)) - f n (Q, Zl ,z 2 ) -» f(t, X 1 (t), X 2 (t)) - f(0, z u z 2 ), a.s. 



I ^- s f n (s,X 1 (s),X 2 (s))ds^ J ^f(s,X 1 (s),X 2 (s))ds, a.s. 



t rt 
V i f n (s,X 1 (s),X 2 (s))dV i (s)^ Vrf( S) X 1 (s) ) X 2 (s))dV i (s), a.s 

" JO 

I V x V 2 /„(s, Xx(s), X 2 (s))d <Mi, M 2>s 
Jo 

- / V^V2/(s,X 1 (s),X 2 (s))d<M 1 ,M 2 > s . a.s. 
Jo 



and 



t 

£ / (V l /„(s,X 1 ( S ),X 2 ( S ))) 2 d<M 4 >, 



o 



£ / (V-/(s,X 1 (s),X 2 (s))^<M 4 > 



o 



Therefore in Ai 2 , 



\ i f n (s,X 1 (s),X 2 (s))dM i (s) -» fvrf^X^^^dMiis),^ = 1,2). 
o Jo 

To see the convergence of | J <4x/ n (s,Xi(s),X 2 (s))d <Mi> S! we recall the 
well-known result that the local time Li(s, a) is jointly continuous in s and 
cadlag with respect to a and has a compact support in space a for each s ([25|. 
|15|). As ii(s, a) is an increasing function of s for each a, so if G C i? 1 is the 
support of ii(s, a), then Li(s, a) = for all a ^ G and s < t. Now we use the 
occupation times formula, the integration by parts formula and l|3.16f) . (|3.17|) 
for the case when g is cadlag with compact support, 



2 



A 1 f n {s,X 1 (s),X 2 {s))d<M 1 > s 

+ oo ft 

I A 1 f n (s, a, X 2 (s))d s Li(s, a)da 

-oo JO 

+oo 

A 1 f n {t 1 a,X 2 {t))L 1 {t,a)Aa 

— OO 

r+oo r W d 

- y J —A 1 f n (s,a,X 2 (s))L 1 (s,a)ds 

+ f V 2 A 1 f n (s 1 X 1 (s),a)L 1 (s,a)dX 2 (s) 
Jo 
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i r* 

+- / A 2 A 1 f n (s,Xi(s),a)L 1 (s,a)d <M 2 > S 
* Jo 

Li(i,o)d„Vj:/(t,o,Jfa(t)) 

Li(s, a)d s , a V^/(s, a, X 2 (s)) 



— oo 

+ 00 ft 



-00 JO 



as n — + 00. About the term 1 J Q * A 2 f n (s, -Xi(s), X 2 (s))d <M 2 > S , we can use 
the same method to get a similar result. So we proved the desired formula, o 

The above smoothing procedure can be used to prove that if / : R + x 
R 2 — > R is left continuous and locally bounded, C 1 in and x 2 , and the left 
derivatives ^-f(t,Xi,x 2 ), dx . dx f(t, x\,x 2 ), — 1,2) exist at all points of 
(0, 00) x R 2 and [0, 00) x R 2 respectively and are locally bounded and left 
continuous, then 

f(t,X(t))-f(0,X(0)) 

= f ^-f(s,X 1 (s),X 2 (s))ds + y2 I ^ l f(s,X 1 ( S ),X 2 (s))dX l ( S ) 
Jo ° s i=1 Jo 

+ I ■^Q^f(s,X 1 (a),X 2 {8))d<X i) Xj>.. (3.26) 

This can be seen from the convergence in the proof of Theorem 13.11 and the 
fact that dx . dx f n (s, xi,x 2 ) — > Qx . dx f(s, Xi,x 2 ) under the stronger condition 

a 2 - , 1 

dxidxj J 

The next theorem is an easy consequence of the methods of the proofs of 
Theorem O and f3~^ . 

Theorem 3.2 Let f : R + xR 2 — » i? satisfy conditions (i),(ii) and f(t, X\, x 2 ) = 
fh{t,xi,x 2 ) + f v (t,xi,x 2 ). Assume fh is C 1 in xi,x 2 and the left deriva- 
tives dx dx fh(s, X\, x 2 )(i, j — 1,2) exist and are left continuous and locally 
bounded; f v satisfies conditions (iii)-(v). Then 

f(t, Xt{t), X 2 {t)) - /(0, X 1 (Q),X 2 {Q)) 
rt a- 2 rt 

i(s))dXi(s) 



I ^-f( s ,X 1 ( s ) 7 X 2 ( s ))ds + Y / f Vr/( s ,Xx( s ),X 
Jo us i=1 Jo 

1 2 /•* 

+ 2E A-f h ( s ,X 1 (s),X 2 (s))d<X l > s 



i=l 

/•+00 /-t 

Li(i,a)d Vr/v(t,a,^2(t))- / / o)d. )0 Vr/«(s, a,X 2 (a)) 
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/OO p + OO P t 

L 2 {t,a)d ( y^f v {t,X 1 {t),a) - / / L2(s,a)d s , a V 2 7„(s,Xi(5),a) 
-oo J —oo JO 

+ I f(s,X 1 (s),X 2 (s))d<M u M 2 > s . a.s. (3.27) 

Jo 

Now assume there exists a curve £2 = &( x i) with left derivative j^K x i) 
being locally bounded and b{Xi{t)) is a semi-martingale. Let £3 = x 2 — b(x{) 
and g(i, x\,x\) = f(t, x\, x\ + b(xi)). We can have a generalized Ito's formula 
in terms of X\(s) and X 2 (s) similar to (|3.27l) . Let L2(t,a) be the local time 
of X^t). In particular, the following result obtained in [221 can be derived 
from Theorem 13.21 as a special case of our theorem. 

Corollary 3.1 Assume f : R 2 —> R is left continuous and locally bounded 
and there exists a continuous curve X2 — b(x±) such that 

(i) the left derivative ■§^b(xi) exists and is locally bounded and b(Xi(t)) 
is a semi-martingale; 

(ii) f(x\,x 2 ) is twice differ entiable with continuous second order deriva- 
tives q x .q x f {i,j — 1,2) in regions x 2 < bixi) and x 2 > b(xi) respectively. 

Then for any two-dimensional continuous semi-martingale (Xi(t), X 2 (t)) 

f(X 1 (t),X 2 (t)) - f(X 1 (0),X 2 (0)) 

= E / t Vr/(X 1 ( s ),X 2 ( S )) ( iX l ( s ) + i^ [ Aff(X 1 (8),Xi(8))d<Xi> B 
i=x J o 1 i=l J ° 

+ J [v 2 f(X 1 (s),b(X 1 (s))+) - V 2 f(X 1 (s) : b(X 1 (s))-)] dL* 2 (s, 0) 

+ / ^I^ 2 f(X 1 (s),X 2 (s))d<M 1 ,M 2 > s . a.s. (3.28) 
Jo 

Proof: Formula (|3.28|l can be read from (|3.27(1 by considering 

fh(xi,x 2 ) =f(x 1 ,x 3 )+ [ \v 2 f(y,b(y)-)-V 2 f(y,b(y)+))(x 2 -b(y)) + dy, 
Jo 

fv(ja 1 ,x 2 )= I * (V 2 f(y,b(y)+) -V 2 f(y,b(y)-))(x 2 - b(y))+dy, 



and the integration by parts formula. To verify conditions of Theorem 13.21 on 
/„, first note 

^if v {xi,x 2 ) = (V 2 /(n, b{ Xl )+) - y 2 f(x 1 ,b(x 1 )-))(x 2 - b( Xl ))+, 

y 2 fv(xi,x 2 )= / {V 2 f(y,b(y)+)-V 2 f(y,b(y)-))l {x2>b ( y - )} dy, 
Jo 

^i^ 2 fv(xi,x 2 ) = (V 2 f{x 1 ,b(x 1 )+) - V 2 f(x 1 ,b(x 1 )-))l {x2>b(xi)} . 
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It's trivial to prove that V^V^/„(a;i, X2+b(xi)) is of locally bounded variation 
in x 2 . To see V 2 f v ( x ii x 2 + b(x\)) is of locally bounded variation for x 2 , for 
any partition — N = x 2 < x\ < ■ ■ ■ < x 2 = N, 

n-1 

\^2fv(xi,x 2 +1 + b( Xl )) - V 2 f v (x u xi + b( Xl ))\ 

i=0 

n-1 „xi 

<J2 I V2/ ( y ' + ) - V2/ ^' 6 (y)-)l 1 {xi+6(x 1 )<fe( y )<x*+ 1 +6(x 1 )} (i y 

i=0 J ° 

Xl 

I V 2 /(y, %)+) - V 2 /(y, Ky)-)|l{-jv+6(xi)<6(i/)<jv+6(xi)}dy 

< 00. 




In order to prove that V x V 2 x 2 +6(xi)) = (V 2 /(a;i, 6(xi)+)-V 2 /(xi, &(a;i)-))l{ X2> o} 

andVr/,(si,a!2 + l(!ti)) - (V 2 /(xi, - V 2 /(a;i, K^i)-))4 arc of lo- 

cally bounded variation in a?i, we only need to prove that V 2 f{xi, b(x\)+) — 
V 2 /(a:i, b{x\) — ) is of locally bounded variation in x\. This is true, because 
for x* 2 > 

-V 2 f(x 1 ,xl + b(x 1 )) 



ViV 2 f(x u x* 2 + &(xi)) + V 2 V 2 /(x 1 ,4 + 6(an))^- 6(xi). 

axi 



So as x 2 — > 0+, 



Da; 



- Vi V 2 /(x 1; 6(xi)+) + V 2 /^, 
= 1-^/(^,6^)+). 

It follows that V 2 /(xi, 6(xi)+) is of locally bounded variation. Similarly, one 
can prove that V 2 /(xi, i>(xi) — ) is also of locally bounded variation. o 
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